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ABSTRACT

The class of stable Banach spaces, inspired by the stability theory in mathemati-
cal logic, was introduced by Krivine and Maurey and provided the proper
context for the abstract formulation of Aldous’ result of subspaces of L'. In this
paper we study the wider class of weakly stable Banach spaces, where the
exchangeability of the iterated limits occurs only for sequences belonging to
weakly compact subsets, introduced independently by Garling (in an earlier
unpublished version of his expository paper on stable Banach spaces brought
recently to our attention) and by the authors. Taking into account Rosenthal’s
application of the study of pointwise compact sets of Baire-1 functions
(Rosenthal compact spaces) in the study of Banach spaces (for which {' does not
embed isomorphically) and of the study of Rosenthal compact sets by Rosenthal
and Bourgain-Fremlin-Talagrand, we prove the following analogue of the
Krivine-Maurey theorem for weakly stable spaces: If X is infinite dimensional
and weakly stable then either I” for some p =1 or ¢, embeds isomorphically in X
(§1). Garling (in the above reference) proved this result under the additional
assumption that X* is separable. We also construct an example of a Banach
space X which is weakly stable, without an equivalent stable norm, and such
that [° embeds isomorphically in every infinite dimensional subspace of X (§3).

§1

1.1. DEFINITION. A separable Banach space X is called weakly stable if for
every weakly compact subset K of X, every two sequences (x, ), (y.) in K and
every two ultrafilters % and 7" on the natural numbers the equality

lim lim || x, + y.. || = lim lim || x, + y |
w o Yoow

holds.

This is a generalization of the notion of a stable Banach space, introduced by
Krivine and Maurey in [10], in which the above equality holds for any two
norm-bounded (and not necessarily weakly convergent) sequences (x.), (ym ).
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Thus every stable space is weakly stable. It is also clear that every weakly
stable, reflexive space is stable.

It is known that ¢, is not stable, and in fact that ¢, is not stable under any
equivalent norm. It will be proved below (cf. Corollary 2.5) that ¢, and ¢ are
weakly stable. We note Garling has proved that ¢, is w-stable in an earlier
version of [4], mentioned above.

On the other hand ¢ is not weakly stable (as remarked in 2.7 below).

The main result in this section is the following:

1.2. THEOREM. If X is a weakly stable Banach space of infinite dimension,
then for every € >0 X contains a subspace (1+ ¢)-isomorphic to I” for some
1=p<x orto co.

This theorem is a generalization of the celebrated theorem of Krivine-Maurey
[10] for stable spaces, originally proved by Aldous [1] for L'[0,1] using
probabilistic methods (random measures). The tools that we will use to prove
our theorem are those introduced "by Krivine and Maurey in [10] and the
techniques of Rosenthal in [15]. We omit all details of proofs, where they are
similar to those of the paper of Krivine-Maurey [10]; our proof of Theorem 1.2
is modeled after the proof given in Krivine [9].

We will need the following:

1.3. DerRNITIONS.  Let X be a separable Banach space.
(a) A type on X is a function 7: X — R" for which there are a norm-bounded
sequence (x, ) in X and an ultrafilter % on the set of natural numbers such that

r(x)=lim|lx +x,| forxeX

aun

{b) The set of all types on X is denoted by J(X); J(X) s a topological space,
considered as a subspace of (R")* with Cartesian (pointwise) topology.
(¢) For KC X we set

J(X,K)= {T € J(X): there are a sequence x, € K and an ultrafilter %

such that 7(x)=1lim||x + x, | for x € X} i

U

(d) We set
T.(X)=U{T (X, K): K weakly compact subset of X}.

An element of 7,(X) s called a weak type on X. Using the separability of X and
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Eberlein’s theorem it is easy, passing to subsequences if necessary, to dispense
with the use of ultrafilters and to see that

T(X)= {7 € J(X): there are a sequence (x,)C X and y € X such that

lim x, =y weakly and 7(x)=lim|/x, + x| for x € X} .

We also set
T (X)) = {1- € J.(X): there are a sequence (x,)C X such that lim x, =0

weakly and 7(x)=lim|x, + x| for x € X} .
An element of J,.(X) is called a weakly null type on X.

1.4. For r € 7(X) and A €R, we recall the definition of At € (X)), given by
Krivine-Maurey [10]:

Ar=0 if A =0,
(AT)(x)=]A h(%) if A#0for x € X.
We note that if 7 € J.(X), resp. T..(X), then At € (X)), resp. T..(X), for

any A €ER.

1.5. DerINITIONS. Let X be a weakly stable Banach space, and let o,7 €
T (X).

We define [0, 7] and o * 7. Since o, 7 € J,(X) there are weakly compact
subsets K, L of X, sequences (x,)C K, (y..)C L, and ultrafilters 9, %" on the set
of natural numbers, such that

agx)=lim|x, + x|, 7(x)=lim|y.+x|| forxeX

9 ,,
(a) We set

(o, 7] = lim lim [|x, + y.. |-
o v

The fact that X is weakly stable implies that the operation
[.,.]: Tu(X)X Tu(X)—R

is well-defined.
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(b) For y € X we set
(xy)x)=o(y+x) forxeX

and generally we set

(oc*7)=1lim (o *y,),
N

where the limit is taken in the (pointwise) topology of J(X). The equality

(¢ *7)(x)=limlim|x, +y, +x|| forxeX
L] T

holds.
The fact that X is weakly stable implies that the operation

* T AX)IX TAX)— T(X)
is well-defined.

1.6. ProPOSITION. Let X be a weakly stable Banach space.
@) If o,7€ T.(X), then o x 7€ T (X).
®) If 6.7 € Tu(X), then o * 17 € T uu(X).

Proor. (a) Let (x.), (y.) be sequences in X, x,y €X, such that
weak-lim, x, = x, weak-lim,y, =y, o(z)=lim, |z + x|, 7(x)=1lim, |}z +y.]
for z € X. We choose a countable dense set D ={d,, d-,...,d;,...} in X
Inductively we construct a sequence n, < n, <---<n, <--- of natural numbers
such that

(o * 7)(di)— || X+ yu + de || |=1/1 for k=1,2,...,1 and
I=1,2,....
Then

(a*r)(d,()=li¥n||d,< + X+ Yl for k =1,2,....

Since a type, in particular o * 7, is a uniformly continuous function on X, it
foliows that

(0% 7)(z)=lim z+x,+yall forzeX
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Of course weak-lim; (x,, + yn)=x +y. Thus o * 7 € . (X).
(b) follows from the proof of (a).

1.7. DEFINITION. A type o € (X)) is symmetric if o(x)=o(—x)forx € X.
We denote by Tu(X), Tun(X), the set of all weak and symmetric, weakly null
and symmetric, respectively, types of X.

1.8. DeriNiTiON.  Let X be weakly stable, and o € 7(X). The spreading

model of o is a Banach space Y D X|
Y spannedby X U{&: k =1,2,...},
and such that
[x+ A&+ -+ A& =Moo *Aa)(x) for k=1,2,...,
AL ..., A ER, xEX

1.9. LEMMA. Let X be weakly stable and o € T(X). Then the spreading

model Y = [ X U{&: k =1,2,...}] of o always exists, is unique up to isometry,

and || x + A&+ - -+ N& || is invariant under permutations of the A,’s and under
change of A, to = A,. In particular, the sequence (&) is 1-unconditional.

1.10. DeriviTION.  Let X be weakly stable and o € 7(X). Then o is called
an [’-type, for some p=1, resp.cotype if ao*Bo=(a’+B")"0,
resp. ao * Bo = max(a, 8)o, for «, B =0.

1.11. LeMMA. Let X be weakly stable and o € TX), 0#0. Then o is an
["-type for some p =1 or a co-type if and only if for all a« Z 0 there is B =0 such
that o * ao = Bo.

(This is entirely analogous to Lemma III.1 in [10], making use of a result by
Boehnenblust [2].)

1.12. LEMMA. Let X be weakly stable, o € TUX), o an ["-type for some
p =1, resp. a cy-type, realized by the sequence (x.) in X.
Then there is a subsequence (y,) of (x.) equivalent to the usual basis of I”, resp.

of co. In fact,
1 x , l/p
() (Enr)"

(-3 (S ) "=
by Any'-lé(“%k) supl .1,

An
for all sequences (A,) of real numbers eventually zero, and k =1,2,... .

resp. (1 —%k) sup é’
nzk
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(This is entirely analogous to Theorem III.1 in [10], and is based on a
compactness argument using Ascoli’s theorem.)

1.13. ProposiTiON.  If X is a separable Banach space and I' % X, then 7 ..(X)
is a closed subspace of T (X ) (in its pointwise topology). In particular, 7...(X) and
T (X)) are locally compact, o-compact spaces.

(This follows from Lemma 3.2 in Rosenthal {15].)

1.14. DerFNniTION.  Let X be weakly stable.

(a) A subset € of F..(X)is called a conic class if € # J, € # {0}, € is a closed
subset of T5,(X), Ao € € for 0 € € and A ER with A =0, and o * 7€ € for
g 1E®

(b) If € is a conic class in Ti(X), 0 €%, a >0 then o is called
(a, B, €)-approximating type if for every £ >0 and every neighborhood V of o
there is 7€ € N V such that

l(rxar)(x)—(BT)(x)[=e forx€X
We set

[.pc ={o0 € €: ois(a, B, €)-approximating type}.

1.15. COROLLARY. Let X be weakly stable and I' %5 X. Then every conic class
contains a minimal conic class in T/ (X).

(Zorn’s lemma argument, possible in presence of compactness.)

1.16. COROLLARY. Let X be weakly stable I' 5 X, let € be a conic class in
TulX) and a > 0. Then there is B >0 such that Uwpe %D, Vape#1{0}.

(The proof is analogous to that of Lemma IV. 4 in [10] and uses the symmetry
of the sequence & (Lemma 1.12) in the spreading model of a weakly null,
symmetric type and Proposition IV.1 in [10}].)

1.17. LEMMA. Let (a;):-; be given real numbers for all i < j and suppose that
lim lim a; = a.
i j
Then there is an increasing sequence n(1) < n(2)<- - - of positive integers so that

im auipng = a
l(,

i—x
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(This is essentially a reformulation by Rosenthal [15] of Ramsey’s partition
principle in a form suitable for analysis.)

1.18. LEmma. Let X be a Banach space such that ' does not embed in X, and
let (k;)i;=7 be elements in X such that lim, lim;k; =0 in the weak topology of X.
Then there are (i,,j.).-1 in i, <j, for all n and i,—>* as n— such that
lim, k,,;, =0 in the weak topology of X.

(This has been proved by Rosenthal [15], Lemma 3.3, using Ramsey’s
principle (Lemma 1.17 above) and the results for compact spaces of Baire-1
functions by Bourgain-Fremlin—-Talagrand [3] and applications of such spaces on
Banach spaces that do not contain isomorphically I' by Odell-Rosenthal [13].)

1.19. ProposITION.  Let X be weakly stable, such that I's5 X, and let o €
T.(X). Then the function

¢r: Tun(X)—R
given by ¢, (7) = |0, 7] is continuous.

ProOF. Let (7,) be a sequence in Tu.(X), 7 € Tua(X), and 7, — 7 pointwise,
and we wish to prove that [o, 7.]—[o, 7]. It is enough to prove that for every
subsequence (7,) of (7.) there is a further subsequence (7, ) such that
loyTn ] =0, 7]

Without loss of generality assume that (7,) is the original sequence (7, ). Since
T, € T..(X), there is a sequence (y7);-, in X such that lim;yj =0 weakly in X
and 7,(x)=lim, ||y} + x|| for x € X for all n =1,2,... . We then have that

lipl o(y))=|o, 1] forn=12,....
We may assume that -
18] o, ] —a(yN=1/n forj=1,2,..., n=12,....
We also have

7(x)=lim 7, (x) =limlim | y] + x| forxe X
n n 7

From Lemma 1.17 (Ramsey’s principle) and the separability of X there is an
increasing sequence m(1)< m(2)<--- such that

mi)

T(x)= l,l!l;l ”x + Ymi)

P—

| forx€X
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m(i) __

It is clear that lim, lim; y ;=0 weakly in X. It now follows from Rosenthal’s
Lemma 1.18 that there is a sequence (i, ji)i-1 with i <j, for I =1,2,... and
i; —oc as [ — o such that lim, yZI,':; = (O weakly in X. It is then clear that we have

r(x)=lim [x +yngy  for x € X,

hence

mi,)

[o, 7] = lim o (ym:))-

From (1) we also have

mi})

|[0-* Tm(i:)] - U(ym(j!))I é_r;i_ls s

hence finally lim, [a, 7)) = [0, 7], as required. The proof of the proposition is
complete.

1.20. REMARK. For x € X we set

FTn (x) {(r € J(X): there is a sequence (x, ) in X such that

weak-lim x, = x and o'(z) = lim lz+x,|forze X} .
The following statement is proved exactly as Proposition 1.19:
Let X be weakly stable, I' 4 X, o € J.,(X), and x € X. Then the function
¢t T (X)—R

given by ¢, (1) ={o, 7] is continuous.

1.21. PROPOSITION. Let X be weakly stable, and I' 5 X. Then the convolution
function

% T on( X)X T yu( X)— Tun(X)
is separately continuous.
(Immediate from Remark 1.20.)
We have two consequences of this proposition.

1.22. CoroLLARY. Let X be weakly stable, I' 55 X, and let € be a conic class in
T 2n(X) such that there are &, 8 >0 and o0 € €, 0 # 0, o (a, B, €)-approximating
type. Then T,z is a conic class.
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(It follows from Proposition 1.21; cf. Lemma IV.5 in [10].)

1.23. COROLLARY. Let X be weakly stable, l' %5 X, and let € be a conic class in
T 3(X). Then there exists a dense set D of € such that every (o,7)ED X € isa
point of continuity of the convolution

¥: € X €— €.

(This is an immediate consequence of Proposition 1.21 and Namioka’s
theorem [11] on separately continuous real-valued functions: recall that € is a
locally compact and o-compact space.)

1.24. CoroLLARY. Let X be weakly stable, I' 4 X, € a minimal conic class of
FTi(X) and a >0. Then there is B >0 such that € =T, 4.

(Immediate from Corollaries 1.16 and 1.22.)

1.25. COROLLARY. Let X be weakly stable, I's5 X, and € a conic class in
T4a(X). Then € contains an [”-type for some p>1 or a c-type.

(It follows from Corollaries 1.15, 1.24, 1.23 and Lemma 1.11.)

PROOF OF THEOREM 1.2. Immediate from Corollary 1.25 and Lemma 1.12,
and James’ result [8], stating that if ['> X and & >0 then there is a (1 +¢)-
embedding of /' into X.

1.26. REMARK. Recall that a Banach space X has Schur’s property if every

weakly convergent sequence in X is norm convergent. [t follows immediately
from the definitions that

every Banach space that has Schur’s property is weakly stable.

It follows from Theorem 1.2 that if X has Schur’s property then [' < X. (This
is a result of Rosenthal in [14].)

§2. Kirivine and Maurey have proved in [10] (Theorem II.1) that the /,-sum
(1 = p < + =) of stable Banach spaces is stable. In the same way, we can prove
that the [,-sum of weakly stable Banach spaces is weakly stable.

In the present section we prove that the c,-sum of weakly stable Banach
spaces need not be weakly stable. We state a general theorem of interchange of
double limits (whose proof is similar to Theorem 5 in [12], and is therefore
omitted), and then we establish a condition for the preservation of the property
of weakly stable Banach space in c,-sums.
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2.1. ProrosiTION. Let X be a weakly stable Banach space, and we set
Y =(PZien X, with X, = X fori EN. If Y is weakly stable then every non-zero
weakly null symmetric type of X is a c,-type.

PROOF. Let 1€ J%,(X)\{0}, and let (x,).cn be a sequence in X such that
w-lim, x, =0 and 7(x) =1lim, || x, + x||. We assume, without loss of generality,
that 7(0)=1.

Let x € X. We will prove that (ar * 87)(x) = (max{a, 8} - 7)(x) for a, 8 0.
We first assume that a«#0, say a > 8 =0. We define two sequences (y;)en,
(zi )xen as follows:

yi(i)=0 fori#l and

ywl)y=ax, +x; and

2, (i)=Bx, fori=k,
=0 for i > k.

It is clear that w-lim,y, = w-lim, z, = 0. We also have

tim lim v + zi || = max{B, (a7 * Br)(x)}, and

lim lim ||y + 2. = max{B, (ar) ()}

Since Y is weakly stable, we have

1) max{B, (ar * B7)(x)} = max{B, (a7)(x)}.
Furthermore,
(2) (at)(x)>B.

In fact, if (a7)(x)=pg, then (ar)(—x)=p, since 7 is symmetric, hence
lim, ||ax, + x||= B, lim, ||ax, — x||= B8; thus a = B, a contradiction.
From (1) and (2) we have that

(a7 * B7)(x) = (a7)(x) = (max(a, B) 7)(x).
Finally, if a = B, then we set B, = a —1/n, n EN, and we have
(ar* B.7)(x)=(at)(x) for n EN,
hence

(at * at)(x) = (ar)(x).
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The proof of the proposition is complete.

2.2. CoroLLARY. The space Y = (P Xien Xi)o, with X, =17 for i EN, is not
weakly stable, if p > 1.

2.3. THEOREM. Let (X)icr be a family of weakly stable Banach spaces, set
X=(PBZic: X ) Z=(DEic1 Xi)-, let u € Z\ X, set Y to be the linear span in Z
of X U{u}, let K be a weakly compact subset of Y, y.,z. € X, ¢.,d, ER with
Coth + Yo, du+2z, €EK forn=1,2,..., Wand V ultrafilters on the set of natural
numbers, set s, = (| y. (D)icr, t. = ({z.(D)||)ier and assume that

weak-lim s,, weak-lim t, € cy(I).
U v

Then

lim lim | e,u + ym + dott + 2, |- = lim lim || c,u + y, + dptt + 2,0 [}
U 2 v U

Theorem 2.3 is a generalization of Theorem 5 in [12], which forms the
essential part of the proof of non-existence of separable stable spaces containing
isomorphic copies of all separable stable Banach spaces. (This is a result proved
independently, in a different manner, by Guerre [5] as well.)

As special cases we get immediately.

2.4, CoroLLARY. Let (Xi)ie;, X, Y and Z be as in Theorem 2.1. If X; has
Schur’s property for i € I, then Y is weakly stable.

2.5. COROLLARY. ¢, ¢ are weakly stable Banach spaces.

REMARK. The following remark is contained in an earlier version of [4]: For

every £ >0 there is a norm ||| - || on ¢, (1+ &)-equivalent with the usual norm
[l {lo on co, so that (co, ||| - {Il ) is not weakly stable. In fact, for x = (x,.) € c, set
m X m =”x"0+§max{ X2k +lx21-1]3 k <1}

If we denote by (e,) the usual basis of ¢, then
ll,l;n h{n ” ey + 821+|” =1+ E,
lim lim | ez + exitf| = 1+ /2.

2.6. PROPOSITION. Let X be a separable Banach space, such that ¢, X, and
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set Y=(DZiex X )o, with X, = X for i EN. The following two statements are
equivalent:

(i) Y is weakly stable;

(ii) X has Schur’s property.

Proor. (i) = (ii). If X does not have Schur’s property, then there is a
non-zero, weakly null symmetric type on X. By Proposition 2.1, this type is a
co-type. Hence, by Lemma 1.2, ¢, embeds isomorphically in X.

(i) = (i). By Corollary 2.3, Y is weakly stable.

2.7. ExaMPLE. We will show that the space ¢ of all real valued continuous
functions on the ordinal space w’ vanishing at % is not weakly stable. Since

i’ =(® 5 %),

Q

where X, is isometrically identified with the space of all continuous functions on

{a;(n ~1)w < a = nw}, in turn isometric to the weakly stable space ¢ for

n=12,..., it follows that Theorem 2.1 cannot be improved significantly.
We define sequences (x;)i-i. (¥« )k~ in cd” as follows:

(x(n)(a)=0 ifn=1 and a#(n—1Deo+l
=1 ifn=s! and a=(n—1No+]
=0 ifn>1;
ve(n)(@)=0 ifn=k and (n—Dew<a<(n—-lw-+k,
=1 ifn=k and (n-Newt+k=a=no,

=0 ifn>k

i

Then lim;x;(n) (a)=0=lim, y.(n)(a) for every (n— o <a=nw, n
1,2,..., hence x;,—0, y. — 0 weakly in cd’.
We note that
”x,+yk”=l lfl<k,
=2 ifl>k
Hence, lim, lim, ||x; + y || = 1 # 2 = lim, lim, || x; + yi |

§3

AN ExampLE. In this section we will prove the existence of an infinite
dimensional Banach space X which (a) is weakly stable, (b) does not admit an
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equivalent stable norm (hence it is not reflexive), and (c) for every ¢ >0 I’
embeds (1 + ¢)-isomorphically in every infinite dimensional subspace of X

The space X has a norm that is-a variant of the norm of James’ space, given in
[7]. The existence of a space X with these properties shows that the concept of
weakly stable Banach spaces is a proper generalization of the concept of stable
spaces, even in the absence of any embedding of c,.

3.1. Preliminaries on Complete Minimal Systems. Given a sequence (x,) in a
normed space X, we denote by [(x.)] its closed linear span.
A sequence (x,) in a Banach space X is a complete minimal system if

X =[(x.)], and
an[(xm)Tn=I.m#n] for n = 1,2,.. ..

The Hahin~Banach theorem implies that a sequence (x, ) is a complete minimal
system for the space X if and only if [(x.)] = X, and there is (x ) C X™ such that
Xh(x.)= 8, for n,m =1,2,.... A sequence ((x., x%)) as above is said to be a
biorthogonal system. For such a system ((x.,x7%)) and for m €N we define
P.: X=X by P,(x)=ZL x%(x)x.

It is clear that P,, defines a bounded projection on the space [(x;)i~:] and that
Ker P, = [(Xa)nems1] = X for m=1,2,... .

Hence, an element x € X belongs to X,, if and onlyif x*¥(x)=0forall i = m.

Using the above remarks it is easy to prove the following

3.2. PrROPOSITION. Let (x,) be a complete minimal system for a Banach space
X. Then the following hold:

(a) If (z.) is a sequence in X equivalent to the usual basis of I*, 1 = p <, or of
Cu, then there exists a sequence (w, ) of blocks of (x.) which is also equivalent to the
basis of I°, 1 = p <, or of c,, respectively.

(b) If (2.) converges weakly to 0, then there exists a subsequence (z,)i-: of
(z.) and a sequence of blocks (y,)i-: of (x.) such that

ll{l’l “y"k_z"k” =0.

(The simple proof of Proposition 3.2 is omitted.)

3.3. Definition of the Norm of the Space X. We denote by Y the linear space
of all real sequences (x(0)=0, x(1),...,x(n),...) that are eventually zero.
For x € Y we define
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Ix]|= sup (EM)W‘

=1 Pi+v1— D

pPr<p2<--<p

It is clear that || - || defines a norm on Y and we denote by X the completion of
the normed space (Y, |).

We denote by e,, n=1,2,... the vectors of Y which vanish everywhere
except for the nth term, where e, (n) = 1. As we will show, the sequence (e, )is a
complete minimal system for X, which however fails to be a basis.

Let us note that forevery n = 1,2, ... the vector z, = 7., ¢, is easily seen to be
of norm equal to V2, hence the sequence (z,) is norm-bounded.

3.4. ProrosITION. Forn =1,2,..., we define the linear functional e%: Y >R
with the rule e%(x)=x(n). Then e is bounded and in fact |e*| = n'".

PrROOF. We notice first that if x €Y and | x| =1, then |x(n)|=n'"".
To see this we consider the partition 0= p, < p, = n; it follows that

(22 <=1,

n
hence
|x(n)|=n"

Thus the functional e% is bounded and |e*| = n'”.
The converse inequality follows immediately from the next lemma (which
incidentally is not needed for the proof of the claimed properties for X).

3.5. LeMMA. For all £ >0 and n €N there exists x,. € Y such that
lx.I=1/n"+e and x,.(n)=1.

ProOF. We choose k €N so that

1 1 1/2 1
<;+E) §W+ €.

Next we note that there is m €N such that for [, = n and I, = k, the following
inequality holds:

=)
— 1) (k=LY

We define now the following element x,,. of Y:
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x,.,e(l)=;l for 1 =0,1,2,...,n,

=1 forl=n+1,

=k—l+k("+1 forl=n+2,...,n+k

=0 forl>n+k
Ciam. ||x.. |=Q/n +1/k)">.
Indeed, choose p; < p,<---<p, a finite sequence, so that

= (2 (e (P;?l = ,; (P ))2) "

| X

We note that there is no i < s so that p, = n and p..; > n + 1. Next let us denote
by iy, jo the greatest index so that p;, = n and the smallest index with n + 1= p,
respectively. Then since the partition p; < p,<:-+ < p, realizes the norm of x,.,
we must have that p;,=n and p;,, =n+1.

Hence, the sequence p, < p,<---< p, has the form

Pl<p2<"'<Pm=”<Piu+1<"'<Piu:”+m<"'<l7~’

and

(B

=(i§( el By i (ﬂunk_:a—))”l'

=1 n j=ntm
Finally we get that

1 1 172
= (e2)

proving the claim.
The proofs of Lemma 3.5 and of Proposition 3.4 are now complete.
3.6. ProposITION. The space X is not reflexive.

Proor. Consider the sequence (z,), where z, =X e;. As we have noticed
in 3.3 this sequence is norm bounded. We claim that no subsequence of (z.) is
weakly convergent. Assume on the contrary that there exist x € X and a
subsequence (z,,) such that

w-]i‘r(n Zn = X.
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We remark that forall n =1,2,... e*(x)=1and since | e}]| =1, we get || x || = 1.
Choose x; € X such that || x — x,l| <iand x, = 2%, a.e; with o, # 0 and «; # a; for
every i#j, 1=i j=m.Since | =|x|=V2we have :=|x,|= V2+1 Also, for
al l=i=sm,

| | =ViI(V2+H=Vm(V2+)).

Let py<p.<---<p. =m+1 be the partition that realizes the norm of the
element x,, i.e.

I = (3 {emaz )™,

We choose 0< & <min(,3|a,., —a,: 1=i=k—1)so that
(Il =16 Vime (m + 1) > x| -4,

and we choose x, € X such that || x — x»] < e/Vm + 1 and x> = =/, Be;. Then

1

=5,

%= %) =]x—x[+]x~x

We remark that

|e.:i(x—x2) =|e;i(x)_e*m(x3) =|1_BP:|
=<llel-lx - xll=Vp- \/m+l§£ forevery IS i =k.
Hence we have
k=1 _ _ 2\ 172
”xl = (2 (ap, —ay) +_(§p. Bpm)) )
=t Di+1 — P
k=1 2\ 112
(lapm — amj _25) )
=
o (:Zl Pi+1— D
k-1 _ 2 k=1 k=1 _ 12
=( X pisy ai+4822 1 —4¢ Xpiyy (1,.)
=t P D =t Di+i — Di =1 P — D
k—1 k-1 12
(@p— p)
= ———-—88 Vm(V2+ >
(i=l Pivi ™ Di ( 4) 2 2

( k (@nn = an) ‘;‘")2— 166 Vm(m + 1)) i

= (%l = 16 Vin(m + 1) > | xi[| =i zi-i =},

a contradiction proving the proposition.
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3.7. LEMMA. Given x =Z27_, ke, an element of Y, there exists m = m(x),
m €N, such that for all y €Y, with |y||S1, and y = Z_,.m+1 c&i, we have

e+ y ll =l [P+ Iy 1Y
We need the following observation:

3.8. SuBLemMa. If (a,), (b,), (c.) are three sequences of real numbers with
b, >0, lim, |a,|= + % =1lim,b,, (c.) and (a/b,) bounded sequences and € >0,
then there is M €N so that

2 2
(*) (_ar—:z—:%ll<%+e formzM, n=0,12,....

PROOF OF SUBLEMMA 3.8.  We notice first that if () holds for the pair (n, m),
then actually (*) holds for all pairs (n, m’), with m'Z m.
The left-hand side of (x) has the form
C 2
(1)
a.

m
b, T 1

2
- d,, where d, =

=|s

Clearly, (d.) converges to 1, hence for m =1 there exists n, such that for all
n > ny we have

(c. +a.) _ a:
<Loge
146, b,

It is obvious that for any n €N there exists m(n) such that the pair (n, m(n))
satisfies (*).

Hence if we set M =max{m(1),..., m(no), 1}, it is clear that M satisfies the
desired properties.

ProOF OF LEMMA 3.7. Assume, on the contrary, that for an x = £}, A;e; there
is no m satisfying the conclusion of the Lemma. Then for each m €N, there
exists

Sm

Vm= D cle, with]y.[|=1,

i=n+m+1

and such that
(lx P+ Hym IFY2 <flx + ym Il

It follows that x + y,, attains its norm for some partition pi’ <p7 <-:-<py  so
that there is an index i, < k., with pi»=n and p[.. > n+ m. Hence
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G (PE) = XL o Yo, _x(pL)
pi...ﬂ_pim pim+1_(n+m) n+1—pim'

This last inequality implies that
Yo (Pin) - x{p72) # 0.
We set

N2
e=min{—£ﬁ)——.:1§i§n,x(i)#0},
n+1—i

an = Ym (Pin.)s  bn=pi.—(ntm),
c=max{x(i): 1=i{ = n}, and
Cn =Sg0{an )" € for meN.
Clearly we have

(cnt ) o Wm (Pno) = X (P

m+ b, Pinei ™ Pin
2 my2 2
>a +AP_‘E)_>£1'+&

b, 1+n—pl~ b,
CLAiM. The sequence |a. | tends to infinity.

(If not, there exists a subsequence {a};-, which is bounded, say |a,| < d for
[=1,2,...; then obviously

. (Cm*am)
lim (Cmt am) =,
omytbm

hence there is [, with

2
Cmtam) _ -
ml(l+ b"‘lo my,

a contradiction which proves the claim.)

Now we observe that the sequence (b.) also tends to infinity, since ||y, || =1
and so the sequences (an), (bn), (c..) satisfy the assumptions of Sublemma 3.8;
hence there exists an M such that for all m > M

(cm+ an)  am
<Zmy
m + b, b, &

a contradiction proving the Lemma.
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3.9. PrOPOSITION.  For every sequence (x,) of blocks of (e.), || x.[| =1, there is
a subsequence (x,) of (x.) so that

2(2“%”2)1/2 fork=1,2,....

ProoOF. We set x,, = x; and we assume that x,,, X,,, ..., X, have been chosen
so that for k' = k the finite sequence x,,, ..., X ... satisfies the conclusion. We set
Vi = Xn, + <+ xu and from Lemma 3.7 there exists m, €N satisfying:

k

> xn

i=1

If yo = ce, and y €Y with[ly[|=1,
=

%

y= 2 e, then|y+yl=Clyl+IylP)"

j =54+ M+l

Choose nysy, SO that x.., =22 ce, with s,>s+ m. Then clearly the

sequence Xu,...,Xn,,, satisfies the inductive assumptions and the proof of the
proposition is complete.

3.10. CoroLLARY. The space X does not contain isomorphically any 1,
1sp<w®, p#2 or c.

Proor. If some of these sequence spaces (l,, 1=p <®, p#£2, c,) were
isomorphically embedded into X, then there would exist sequence (x,) in X
equivalent to the usual basis of corresponding space (I,, 1=p <o, p#2, c).
Hence by Proposition 3.2, there would exist a sequence (y, ), consisting of blocks
of (e.), also equivalent to the basis of such space (I,, 1 =p <, p#2, ¢,). We
then could get a subsequence (y.);-i, so that the conclusion of Proposition 3.9
would be satisfied. This would contradict the fact that the sequence (y.);- is
equivalent to the basis of the original space (I,, 1 = p <o, p#2, ¢,). The proof of
the Corollary is now complete.

3.11. CoroLLARY. The space X does not admit an equivalent norm ||| - || so
that (X, ||-|Il) is a stable Banach space.

PrOOF. By a result of Guerre-Lapreste [6] (Theorem 1), if X is stable and it
does not contain ', then X is reflexive. The Corollary now follows immediately
from Corollary 3.10, and Proposition 3.6.

3.12. ProrosiTION. The space X is weakly stable.

PrOOF. Assume that the space X is not weakly stable. Then it is easily seen
that there are ¢ >0, sequences (¥,), (x.) and x € X such that
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weak-likm y. =0, weak-lim x, = x,
n

lim ||y, + z| = 7(2) and
lim||x, +z||=0(z) forz€X, and

lim lim || x, + yo |~ lim im | x, + y. |Z &

Next we may assume (by Proposition 3.2), by passing if necessary to subse-
quences, that there are sequences (), (x, — x) of blocks of (e,) so that

lim |y — ¥ |=0 and lim|(x, —x)—x, — x| =0.
We choose x, € X, such that ||x,— x| < &/4 and x, ==, c.e;. Then
| lxo+x, = x+ Full=llxa 4yl | Slxo+ 20 = x4 5 = (60 + y)l

= ||(x(, -

=+ 5m =yl

therefore there are ny, m, so that for any m > my, n > n, we have

) 1%+ %0 =%+ Full =50 + yo || < &3,
Applying Lemma 3.7, we get

lim X0+ X0 = X+ Fu [l = (| X0 + x2 — x[P+ 7(0))"

and
tim ([lxo+ x, = xIf + 7)) = (I xolf + o (= )+ 7(0P)"™;
for the same reasons we have
lim lim || xo + X, = X+ Jn || = (|| x| + (= x) + 7(0)")'".
Therefore from (*) we get
lim lim Bxw + yu | — lim lim | x, + ym || <2€/3,

a contradiction.
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3.13. CoroLLARY. For every € >0, every infinite dimensional subspace of X
contains (1+ &)-isomorphically a copy of I.

Proor. This follows immediately from Theorem 1.2, Proposition 3.12, and
Corollary 3.10.

Quite analogously we can prove the following:

3.14. THEOREM. Let 1 <p <. There is an infinite dimensional Banach space
X such that

(a) X is weakly stable,

{b) X does not admit an equivalent stable norm (hence X is not reflexive), and

(c) for every ¢ >0, I” embeds (1+ &)-isomorphically in every infinite dimen-
sional subspace of X.

3.15: QuestioN. We do not know if it is possible to prove the existence of a
Banach space X satisfying the properties of Theorem 3.14 with p =1. Our
example does not help in that direction.
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